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Introduction
 With rapid growth in aging and the trends in improving 

mortality among the elderly , there exerts significant 
challenges to the public pension plans as well as private 
pension funds and life insurers .

 there is a demand in a stochastic mortality model which 
adequately projects the mortality/longevity trends of the 
China population.

 In this paper there are two main contributions:
 The first contribution is to consider a fuzzy formulation of 

the modified Lee-Carter (1992) model analyzed in Renshaw 
and Haberman (2003), thus extending the work of Koissi and 
Shapiro (2006) which only consider the fuzzy formulation of 
the basic Lee-Carter model.



Introduction
 In addition to mortality modeling, the fuzzy set theory has 

also found its usefulness in a variety of other insurance 
applications

 The second contribution of the paper is to implement the 
fuzzy formulation of the basic Lee-Carter model and the 
extended Lee-Carter model (with age-specific enhancement) 
on the China data. 

 The comparative advantages of our proposed fuzzy 
formulation of the extended Lee-Carter model, relative to 
the classical Lee-Carter model, are analyzed and discussed



Review of the Lee-Carter model and Fuzzy Set 

Theory

1 1 1 1ln ,   , ,  and  , 1, , 1 (2.1)xt x x t xt Nm a b k x x x t t t t Tε= + + = = + + − 

The basic Lee-Carter (LC) model

An extension of the LC model is possible by including higher order terms 

(1) (1) (2) (2) ( ) ( )log (2.2)r r
xt x x t x t x t xtm a b k b k b k ε= + + + + +

The age-time interaction term            is referred to as the i-th term 
of the rank r approximation (see Booth et al. 2001) 

( ) ( )i i
x tb k

Renshaw and Haberman (2003) investigate the above modified Lee-
Carter model with age-specific enhancement for mortality forecasts 
by considering r=2. 



Review of the Lee-Carter model and Fuzzy Set 
Theory

 Fuzzy set and system
 The description below is drawn largely 

from Koissi and Shapiro (2006). 
Definition 1:A fuzzy subset A (over a reference set X) is a 

function  on X that takes values in the unit-interval [0,1] 
[ ]: 0,1A Xµ →



Review of the Lee-Carter model and Fuzzy 
Set Theory
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Then its characteristic can be 
denoted by a membership 
function 



 3.Fuzzy formulation of the LC model with age-
specific enhancement 

 A fuzzy formulation of the Lee-Carter model is



Fuzzy formulation of the LC model with age-
specific enhancement

The fuzzy “addition” and “multiplication” reduce to

Consequently (3.1) becomes



Fuzzy formulation of the LC model with age-
specific enhancement

This is the formulation of Fuzzy-LC with age-
specific enhancement.

The log-central death rate for age-group x in year t is a 
symmetric triangular fuzzy number, instead of exactly as 
in the traditional non-fuzzy formulation. 

Step 1: Fuzzification of the log-central death rate

We assume that the log-center death rate be captured 
by the symmetric triangular membership function 

By introducing , , , 1 0 0 1 1 1 2 2 2( , ),   ( , ),   ( , ),   and  ( , ),x t x t x t x x x x x xY y e A c s A c s A c s= = = =  

we have (1) (2)
, , 0 0 1 1 2 2( , ) ( , ) ( , ) ( , ) .x t x t x x x x x xy e c s c s t c s t= + × + ×



Fuzzy formulation of the LC model with 
age-specific enhancement

The above formulation can further be simplified by noting (1) (2)t t=

So that , , 0 0 1 1 2 2

0 0 3 3

( , ) ( , ) [( , ) ( , )]
              ( , ) ( , )

x t x t x x x x x x

x x x x

y e c s c s c s t
c s c s t

= + + ×

= + ×

Where 3 3 1 1 2 2( , ) ( , ) ( , )x x x x x xc s c s c s= +

As argued in Koissi and Shapiro (2006), the centers 0 3, x xc c

are easily found by fitting the ordinary least-squares regression to 

, 0 3x t x xY c c t= + ×



Fuzzy formulation of the LC model with 
age-specific enhancement

The spreads             are then obtained based on minimum fuzziness 
criterion 

0 3, x xs s

0 0 3 3,
ˆ ( , ) ( , )x x x xx tY c s c s t= + ×   

It is  required that the , ,
ˆ( ) , [0,1]x t x tY Y h hµ ⊆ ≥ ∈ 

The level h, which measures the degree of fit of the estimated 
model to the given data, is a user input. 



Fuzzy formulation of the LC model with 
age-specific enhancement

 Step 2: Estimating the parameters of fuzzy-LC 
with age-specific enhancement 

 The objective of this step is to determine

 We achieve this task by minimizing the square 
of the distance between

( ) ( ), , , 1, 2i i
x x tA B K i =  
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Fuzzy formulation of the LC model with 
age-specific enhancement

 Here we adopt Diamond (1988) distance 
measure

For two fuzzy sets
1 1 1( , )A a α= and 2 2 2( , )A a α=

The distance is measured by

2 2 2 2
1 2 1 2 1 1 2 2 1 1 2 2( , ) ( ) [( ) ( )] [( ) ( )]LRD A A a a a a a aα α α α= − + − − − + + − + 

That is the fuzzy-LC parameters boils down to solving the 
following minimization problem: 

2
( ) ( ) 2
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Fuzzy formulation of the LC model 
with age-specific enhancement

Where 
2
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Fuzzy formulation of the LC model with 
age-specific enhancement

MATLAB can be used to obtain the optimal parameters

Once the optimal parameters: 

(2)
tk ′

So that the actual total deaths and the total expected deaths 
for each t matches



Fuzzy formulation of the LC model with age-
specific enhancement

In other words, the parameter estimates satisfy

 

1 1

2

1
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Using ARIMA and get: (1) (2)
0 0 0, , 1, ,t tk k t t T t T t T s= + + + + +

Lastly, forecast the mortality through:

 (1) (1) (2) (2)
0 0 0, , 1, ,x x t x txty a b k b k t t T t T t T s= + + = + + + + +

We can get Male and Female

with age-specific enhancement



Mortality forecasting: China data

 Mortality forecasting: China data 
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Fig 3.1 Fuzzy least-squares regression of log-central death 
rates (Male, X=10, age group 27-29) with age-specific 
enhancemen



Mortality forecasting: China data
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Fig 3.2 Fuzzy least-squares regression of log-central 
death rates (Female, X=10, age group 27-29) with 
age-specific enhancement



Mortality forecasting: China data
 This paper uses 15 yearly observations of age-specific death 

rates for both males and females in China from 1994 to 
2008, covering ages 0 to 89.

 These data are provided by the China Population Statistical 
Yearbooks and the China Statistical Yearbooks compiled 
by the National Bureau of Statistics of China. 

 We implement the fuzzy formulation of Lee-Carter with 
r=1 and r=2 by partitioning the age into 30 groups consist 
of [0,2], [3,5], [6,8]，…，[87,89]. 

 In other words, we have t=1, 2, …,15 and x=1, 2, …30.



Mortality forecasting: China data
Estimating fuzzy-LC parameters with China death rates data 

To estimate fuzzy-LC parameters using MATLAB

We need to define the formulation as follows 
2

( ) ( ) 2
,

1
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LR x x t x tx t
i

D A B K Y
=

⊕ ⊗∑ ∑ ∑   Minimize: 

The calculation methods and results of       ， ,       
are same as the fuzzy formulation of Lee-Carter 
with r=1

xa
xb tk



 Then we forecast Kt from 2009 to 2050 with ARIMA. We 
select ARIMA（0,2,1） for male and ARIMA（1,2,0）for 
female using ADF test and R test. The results are given 

in fig 4.1 and fig 4.2.
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Mortality forecasting: China data
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Mortality forecasting: China data
 We can calculate the spread of mortality. The 

calculation methods and results of the spread 
are same as the fuzzy formulation of Lee-
Carter with r=1 

 Then we can draw the mortality forecasting 
figure 

 Fig 4.3 for Single factor male（x=10,age 
group 27-29）mortality and fig 4.4 for Single 
factor female（x=10, age group 27-29）
mortality here



Mortality forecasting: China data
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In fig.4.3 and fig.4.4, 
the middle curve is 
the forecasting 
mortality; 

The upper and lower 
curves are the upper 
limit and lower limit 
of forecasting 
mortality 



Mortality forecasting: China data
 Then we can calculate the life expectancy and 

compare them with the original data.
 We summarize the results of life expectancy:
 In 2008, the expectancy of male is 79.07, the 

expectancy of female is 81.56.
 In 2050, the expectancy of male is 85.89, the 

expectancy of female is 85.94.
 The expectancy of male increased 6.82, the 

expectancy of female increased 4.08, and the 
difference of male and female decreased to 0.05 
from 2.79.



Mortality forecasting: China data
 We estimating parameters of the fuzzy-LC with age-

specific enhancement directly using MATLAB 



Mortality forecasting: China data

The results are as following:





Conclusions: China data

 Lastly, forecast the mortality from 2009 to 2050 with 

 Then we can calculate the life expectancy and compare them 
with the original data, We summarize the results of life 
expectancy 
 (1)In 2008, the expectancy of male is 79.36, the 

expectancy of female is 82.10.
 (2)In 2050, the expectancy of male is 85.92, the 

expectancy of female is 86.86.
 (3)The expectancy of male increased 6.56, the 

expectancy of female increased 4.76, and the 
difference of male and female decreased to 0.94 from 
2.74. 

 (1) (1) (2) (2)
0 0 0, , 1, ,x x t x txty a b k b k t t T t T t T s= + + = + + + + +



Conclusions: China data

 We compared the fuzzy-LC with age-specific 
enhancement with single factor fuzzy-LC and 
found 
 (1) The fuzzy-LC’s sum error square with 

age-specific enhancement is smaller than 
the single factor fuzzy-LC’s.

 (2) In both the fuzzy-LC’s and fuzzy-LC’s 
with age-specific enhancement, the 
expectancy of male and female increased 
from 2008 to 2050, and the difference of 
expectancy of male and female decreased 
from 2008 to 2050.



Conclusions: China data

 We can calculate the spread of mortality based 
on the formula of spread:

, 0 1x t x xe s s t= + × t=1,2,3,……57
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Fig.4.13 Male 
(x=10,age 
group 27-29) 
mortality curve 
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specific 
enhancement



Conclusions: China data
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Questions ？

Thanks ！
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